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We prové that the separable and local approximations of the discontinuity-inducing zero-range inter- 
action in one-dimensional quantum mechanics are equivalent. We further show that the interaction 
allows the perturbative treatment through the coupling renormalization. 
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I. INTRODUCTION 

The contact force differcnt from the <5-function inter- 
action is an object that appears to have defied the intu- 
ition since the recognition of its existence more than a 
decade ago [Q-Q. This second kind of contact interac- 
tion is an object found only in the quantum mechanics of 
one-dimensional partides. It is characterized by the dis- 
continuity of wave functions themselves at the location of 
the interaction which is contrasted to the discontinuity 
of the derivative of wave functions present in the "usual" 
8 function potentials. From its start, this second kind of 
contact interaction has been conceived in abstract mathe- 
matical settings which are rather detachcd from any par- 
ticular physical model. Because of the barrier of arcane 
mathematical language, it has been mostly hidden from 
the view of the physics community at large. 

There are some welcome signs which indicate a change 
in this situation. One is the recent discoveries of sev- 
eral non-trivial properties of the quantum systems with 
discontinuity-inducing interactions [^^|. Also, there 
have been several attempts to represent the interac- 
tion in terms of physically realizable potential models 
P,[Ï0|. Here, we single out one example in which the 
discontinuity-inducing contact interaction is constructed 
in terms of elementary local self-adjoint operator ("ep- 
silon" potential) jn]. Its potential significance is in the 
fact that it can lead to the experimental manufacturing 
of wave function discontinuity and Neumann boundary. 
It appears that we are now ready for the application of 
the second kind of contact interaction to quantum system 
with practical relevance, in particular to the many-body 
systems ||. One stumbling block to this end is the ap- 
parent non-perturbative nature of the interaction which 
can be recognized immediately by observing the diver- 
gence of the matrix element of the epsilon potential at 
the zero-size limit. None of the advanced field theoretical 
tcchnique would be available without the representation 
of the interaction in the second-quantized form. 



Interestingly, we realize that the earliest physical real- 
ization of the discontinuity-inducing interaction by Seba 
as a separable potential with momentum dependent form 
factor ( "prime-delta-prime" function) [|| is of a great rel- 
evance, since it rests on the concept of renormalization 
with the use of a coupling constant which disappears at 
the zero-range limit. It is evident at this point, that 
the clarification of the relation between "epsilon" and 
"prime-delta-prime" representations is called for. Also, 
it is helpful to have a closer look at the workings of the 
discontinuity-inducing interaction in the context of the 
perturbative treatment. 

These two matters are exactly what we address in 
this paper. We first prové that the local and separable 
approximations of the discontinuity-inducing zero-range 
force in one-dimensional quantum mechanics are equiv- 
alent. We then look at the example of the spectra of 
a particle on a line with a contact force. One observes 
that the use of renormalized coupling rcsults in the order- 
by-order cancellation of divergent term, and allows the 
perturbative treatment of the problem. 

It is worthwhile to recali the zero-range limit of small 
obstacle quantum mechanics in other dimensions than 
one. As is well known, something resembling to 8- 
function can be defined only in weaker sense with renor- 
malized couplings PJÏ^I. In hindsight, the fact that 
the simple <5-function limit exists for small size obstacle 
in one-dimensional quantum mechanics is an accident, 
which could be either seen as lucky or unlucky. The for- 
mer view needs no explanation. The latter view seems 
equally plausible since this has in effect delayed the wide 
recognition of the discontinuity-inducing interaction as 
an indispensable element of the one-dimensional quan- 
tum mechanics. The situation needs to be rectified. We 
would feel our purpose fulfilled if the current work serves 
as a step stone to that road. 

This paper is organized as follows. In the next Sec- 
tion, we present an elementary rederivation of the re- 
sult of Seba that the discontinuity-inducing interaction 
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can be expressed as a momentum dependent separable 
form. In Section III, the equivalence of Seba's expression 
and the local expression is shown. Two coupling con- 
stants, bare and renormalized, are introduced. In Sec- 
tion IV, it is shown that the perturbative treatment of 
the discontinuity-inducing interaction brings about the 
divergence at the level of second order and beyond. This 
divergence, however, is shown to be made manageable 
with the coupling constant renormalization. 



II. REDERIVATION OF SEBA'S 
PRIME-DELTA-PRIME INTERACTION 

The discussion on discontinuity-inducing interaction 
traditionally started with the mathematical theory of 
sclf-adjoint extension. Here, we take another route which 
rcquircs nothing fancier than the concept of (5-function as 
the zero-size limit of regular potential with constant vol- 
ume integral. 

We start by defining a function 



A a (x) 



1 

2^ 




|x| < a 
\x\ > a, 



(1) 



whose vàlues at x — ±a are defined as the limiting vàlues 
from \x\ < region. It has the property 



dxA a (x) = 1. 



(2) 



(8) 



and look for the wave equation for ip(x), and study its 
properties. From Eqs. (o) and (H), we have 



4>{x) 



k 2 — vA a (x) ) dx 



(9) 



Note that the R.H.S. of Eq. (g) is a product of two 
discontinuous quantities at x = ±o, yielding the contin- 
uous quantity <f>(x). Connection condition Eq. (Q) can 
be rewritten in terms of ij)(x) as 

^(0+) - ^(0_) = -pV'(o+) = -^(o-). (io) 



Differentiating Eq.(g), one has 

_ —<f,(x) - v—A (x) ( 1 
dx 3 dx \k 2 — vA a (x) 



(x) (11) 



We obtain an equation for ?p(x) in the form 



k 2 — v/(2a)J dx a ^ dx^ ^ ^ 
= k 2 ip(x). 



We define 



k 2 ' 



(13) 



Obviously, one has the Dirac's (5-function as the zero- 
range limit; 



A (z) -> í(z) (o-^O). 
From the relation 

1 



one has 



(A a (x)) n = [ Ya ) A a (x), 



A a (x)f(A a (x)) = A a (x)f(±). 

la 

We consider a wave function cj)(x) that satisfics 
d 2 



dx 2 



(x) +vA a (x)4>(x) = k 2 4>(x) 



(3) 



(4) 



(5) 



(6) 



At a — > 0, this wave function obviously satisfies the con- 
nection condition 

0'(O + )-0'(O_)=W>(O+) = ^(O_). (7) 

We now define another wave function ip(x) by 



k 2 -v/{2a)' 
From thcsc dcfinitions, we have a relation 



1 _ 1 1 

c„ c 2a 



(14) 



(15) 



Rewriting Eq. (|12[) , we now have a Schròdinger equation 



^■VOc) + c a E a (x)'iJj(x) = k 2 tp(x) 



with a potential 



(16) 



(17) 



One can see, from Eqs. ( p_0[ ) and (|13]), that the zero range 
limit a — > of this potential rcsults in the connection 
condition 



E a (x) = ^-A a (x)-^. 
dx dx 



^(0+) - V(0_) = al/(0+) = c^(0_), 



(18) 



when the coupling c a is rescaled according to the relation, 
Eq.(p|). 
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The operation of the E a potential can be interpreted 
in two ways: 

m E a i^i) = m ^ A ^v-i ) = - (V2I a q iv'i) . (19) 

The second equiation gives the expression 



d „ . , d 
E a {x) = -— A a (a; — . 

dx dx 



(20) 



This is essentially the form with which the discontinuity- 
inducing contact interaction has been first realized phys- 
ically by Seba pi. 



III. THE EQUIVALENCE BETWEEN 
PRIME-DELTA-PRIME AND EPSILON 
FUNCTIONS 

In this Section, we prové that the separable expression, 
which we have rederived in the last section, is identical 
to the local realization developed in Ref . (TTJ . We rewrite 
Eq. ( |ÏT| ) in terms of ijj{x) as 

d 2 

+c a A a (x)—^tp(x) = k 2 ip(x). 
The second term can be rewritten in two steps; first 

±A a (x) = ±(ó(x + a)-ó(x-a)), (22) 
dx 2a 



and then 



(23) 



5(x + a + ) - S(x + 0+) ,, , 
■<■„. ■ — ip(x) 



2a 2 



^ S (x-a)^(x) 



6(x — a+) — S(x — 0+) 
2a~ 2 



ijj(x). 



Here, a care must be taken to handle the quantity ip'{x) 
which is discontinuous at x = ±a. The above argument 
is based on the convention that the quantities at x = ±a 
is evaluated as the limiting vàlues from \x\ < a region, in 
accordance with Eq. ([]]). If one adopts the alternative 
dcfinition of the step function such that A a (±a) = 0, 



one has to replacc c a in the second term of Eq. (21) 
and thus in L.H.S. of Eq. (p3|), by c (see Eqs. (É),(fl) 



However, the relations c0'(a+) = c a ip'(a-) and cip'(—a + ) 
= c a ip'{—a-) guarantees that we still obtain the same 
result, R.H.S. of Eq. (E3h. Operations become easy after 



this, since everything is expressed in terms of ip(x) which 
is continuous everywhere. We obtain 



-{l-c a A a (x)}^(x) (24) 
= k 2 ip(x), 

We divide this by (1 — c a A a (x)). Since this factor acts 
only within \x\ < a, we have 

" ^ {x) ~ ò {6(x + a) + 6{x - a)mx) (25) 



Ca/a 2 



1 - c a A a (x) 
k 2 



1 - c a A Q (x 
This can be written in the form 
d 2 



ip(x). 



dx 2 



4>(x) + s a (x; c)ip(x) = k if>(x), 



(26) 



where 



e a ( x;c ) = —^[ó(x + a)+S(x-a)] (27) 
c a 1 



' a 2 í-c a /(2a) 



5{x) 



2a 1 - c a l {2a) 



A a (x) 



represents the equivalent local potential of E a (x) . Using 
the expressions 



7T ~ 1 + 0{a , 

la c 



(28) 



= c, 



1 - c a / {2a) 
one arrives at 

£ a (x; c) = ( - - -) {5(x + a) + 8{x - a)} + -^5(x). (29) 
\c a J a 

This is exactly the e-function, a local expression given 
in Ref. |ïï| for the discontinuity-inducing interaction in 
one-dimensional quantum mechanics. 



IV. PERTURBATIVE RENORMALIZABILITY 
UP TO SECOND ORDER 

Despite its intuitive nature and usefulness in "engineer- 
ing" purpose, the e-function expression has a major set- 
back in its apparent inability to cope with perturbative 
approach. Onc rcalizes this fact easily by calculating the 
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matrix element of e a (x;c). For one thing, the coupling 
constant c appears in its inverse. The limit o — > im- 
mediately gives the divergence. The separable expression 
c a E a {x) looks promising in that respect. In this section, 
we show that the perturbation in terms of c a along with 
the renormalization procedure indeed gives the sensible 
answer through the explicit calculation of energy eigen- 
value up to second order. 
Consider 



dx 2 



tp(x) + V(x)ip(x) = k 2 ip(x) 



(30) 



Vn {x) = ~jjf Kn \ (38) 
n n = —n (n = 0,±l,±2,···). 

L· 

The Rayleigh-Schrodinger formula reads 
kl~ K l + { n\V\n) + Y,' {nlVl 7 H T ln) --, (39) 



where ^ ' represents the exclusion of m = n, and the 
matrix elements are given by 



with V{x) being either vA a (x) or c a E a (x) with disap- 
pearing a. For definiteness, we place the system on the 
line of length L with periòdic boundary 



V(-L/2) - i/j(L/2), tP'(-L/2) = i>'(L/2). 



(31) 



The problem now becomes that of free wave equation on 
a "ring" with a defect at x = whose characteristics is 
specified by the zero-range function V(x). The solution 
which satisfies the condition Eq. (|3Ï1 ) takes the form 

i(j(x) = Asinfc(x- r]) (x > 0) (32) 

Asink(x - r\ + L) (x<0), 

where A and r\ are the constants which is to be deter- 
mined. For V — vA a (x) with a — > 0, the connection 
condition Eq. (R) gives 



kL v 
tan — — = — . 

2 2k 



(33) 



From this equation, the expansion of k 2 in terms of the 
free particle solution k define by 



dx 2 

is easily obtained as 



f(x) = K 2 ip(x) 



,9 2 ^ ^" 



(34) 



(35) 



Similarly, for V(x) = c a E a {x) at a — > 0, the connection 
condition Eq. (O) gives 



tan ■ 



kL 



kc 



which yields 
fc 2 



o 2 /í 3/í n 



(36) 



(37) 



Suppose we are interested in obtaining these results 
through perturbation theory that starts from the free 
problem, Eq. (^3) whose solution is given by 



(m\V\n) 



dx<Pm(x)V(x)<p n (x). 



(40) 



Because of the degeneracy K- n = k„, it is advantageous 
to use the symmetrized and antisymmetrized wave func- 
tions. 

fn± = 7= ] x ■ ~7= (<fn ± <P-n) ■ (41) 

V 1 + o n a V2 
Because of the mirror symmetry V(—x) = V{x), one has 

(m ± \V\n T )=0 (42) 

which guarantees the separation of the state vectors into 
the {n + } and {n_} sectors, within each sector, one has 



(m±\V\n±) = 



(43) 



Explicit forms of the matrix elements, Eq. (|40|) are given 
by 



v /(l + 5„ )(l + (5 m o) 
x {(m|V|ra) ± (m|V|-n)}. 



(m±\ A a \n±) 



1 



1 



V /(l + ^ )(l+<5m0) L 



(44) 



± 



(m±\E a |n±> 



V / (l + ^ l o)(l + '5 m o) 



sm aK r 



(45) 



where the notation 



ClK,)irn 



(46) 



is adopted, and it is understood that for m = n, 
(sinoK~„)/(aK~ n ) is set to be 1. From these expressions, 
it is easy to see that at a — > limit, we have 



(m_|A |n_) ->0, 
(m+|£ Q |n + ) -»0. 



(47) 
(48) 
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Therefore, it is sufficient to consider only {n+} for A a 
and for E a . Note the fact that for {n_}, only n > 1 
is allowed, while for n can be any non-negative 

value including 0. 

We start with the case of A a . Assuming the un- 
perturbed state is of positive energy n n > (therefore 
n 7^ 0), one has 



and 



E' 



(n+| A a \n+) = — 



A a |m+) 



(49) 



(50) 



— V- 

L 2 ^ kI 

m=0 71 



sin an r 



ai^nm 



1 + s m0 



1 

£2 



L 2 K 2 



where the limit a — ► is taken at the second line, and a 
well known summation formula is used in the last line. 
Thus one recovers the correct expansion, Eq. (|34|) , which 
is of course a well-known result from elementary text- 
books. 

Now we consider the perturbation by E a . The first 
order term is easily obtained as 



(n.\E a \n^) = -^, 

The second order term is given by 
^, |(n_|L a |m_)| 2 



(51) 



(52) 



OC 

2 E 



K 2 K 2 



L 

m—1 



1 

1? 



m—1 



sm an r 



sm an2 



at^nm 



sm an r 



sm an' 



K n K m V 


_ i 




( sina/í" m 


! sinaK+ m N 


2" 








) 





The divergence of the second term at a — > limit has 
to be explicitly handled. Using the relation in the Ap- 
pcndix, one obtains 



oo 

^-^ , / smait„ 



m—1 



We have 



+ 



sm an2 



atínra 



2n 



2-xa/L 
L 

= 6. 

a 



6 



(54) 



E' J 



(n_| E a \m. 



o K n 



KÍL 



(55) 



Therefore, the summation to the second order, Eq. ( |3S 
gives 



k 



(56) 



The appearance of the divergence calls for the renormal- 
ization procedure. The replacement of bare coupling c a 
by the renormalizcd coupling c serves the purpose. Using 
the expansion of Eq. (|l8|) in terms of í/a 



2ac 
2a + c 



c 

2a 



we obtain 



k 2 « K 2 {1 -1 C + —C 2 + - — C 2 }. 

L La L 2 La 



(57) 



(58) 



Thus the divergence is cancelled out, and the correct re- 
sult Eq. ([36]) is reproduced. 

It should be possible to go on to higher order of per- 
turbation and to show the cancellation of divergent term 
order by order. Also, perturbative calculation of wave 
function could be similarly performed. But the calcula- 
tion up to the second order shown here would be sufficient 
to convince the validity of perturbative renormalization 
in this model. 

An interesting fact of the perturbative expansion for 
c a E a (x), Eq. ( |37| ) is that it is formally identical to the 
strong coupling expansion of vA a (x) in terms of 1/v. 
This, of course, is not an accident but the result of the 
duality between 8 and e potentials [pUÏ3] . 



In the second equation, the first term can be readily cal- 
culated by taking the a — > limit as in the case of A a : 



1 



y — 

4 



OO 

,-2 

m—1 
K 2 



sm an„ 



sm anl 



atínra 



(53) 



V. CONCLUSION 

Now that a calculational scheme is devised to deal with 
the divcrgcnccs arising in the perturbative calculation of 
discontinuity-inducing interaction, we stand at the start- 
ing line to tackle more practical physical problems. Sim- 
plest among them is the system that has both regular 
finite-range potential and the contact force. More in- 
teresting is the finite range potential problem that inher- 
ently requires the consideration of the singular zero-range 
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force, that of 1/|se|, or "one-dimensional Coulomb" prob- 
lem as is sometimes called 0,^5| . Our approach would 
be profitably applied also to the many-body problem 
of one-dimensional partides where the second-quantized 
representation is frequently utilized. Another direction 
for the potential development is the generalization of our 
analysis to the relativistic quantum mcchanical models, 
and ultimately to the field theoretical models. Such anal- 
ysis might be useful to shed some light on the relationship 
between the fermion-boson dualities found in quantum 
mechanics and in field theories |^,[ï{|- It is known that 
one can construct three parameter family of generalized 
contact interaction by combining the 5 and e interactions 
fyj . A detailed study of most general contact interaction 
in one dimensional quantum mechanics and its possible 
relativistic and field theoretical extension should be also 
of great interest. 

Prior to the proper formulation of the discontinuity- 
inducing contact force, there has been an introduction 
of a set of interactions known in nuclear physics as 
Skyrme force |ï^] which includes a component analogous 
to prime-delta-prime force, Eq. ( pp| ) in spatial dimension 
three. With such interactions, a rather detailed numeri- 
cal analysis has been carried out [Q . However, from the 
current view, it is clear that the results drawn from such 
analysis are in need of critical reexamination, since such 
object cannot be defined as renormarizable interaction in 
other dimensions than one. This is to be contrasted to 
the S interaction which can be constructed as renormal- 
izable interactions in dimensions two and three Q] . 

Throughout our treatment, we have had no need to 
invoke any of the high mathematics traditionally asso- 
ciated with the theory of generalized contact interac- 
tions. In fact, it has been felt that the current analysis 
might be useful as pedagogical materials for the gradu- 
ate level textbook on quantum mechanics. Specifically, 
the great simplification garnered by the solvability of 
problems helps detach the concept of the renormalization 
from the complex machinery of field theory. It enablcs 
one to readily recognizc that the two facets of renormal- 
ization, namely, the invariance of the problem with suit- 
able rescaling, and a technical procedure that allows the 
perturbative treatment, are one and the same thing. 

Finally we would like to reiterate our bàsic mes- 
sage that the discontinuity-inducing interaction, a lesser 
known twin of S function, now calls for a proper recogni- 
tion as an integral element of the quantum mechanics. 
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APPENDIX 

We outline the proof of the summation formula 



_^ OO 

52 X] 



, / sin f3(n — to) sin /3(n + to) 



T 



m—l 



71 + 771 



(59) 



6 + 0{fi) 



in the limit j3 — ► 0. It can be split into two steps: First, 
we have a well known relation 



^ sin f3m 1 



Ncxt we can show, for small (3, 

1 , /sm/3(n — to) sin 0(n + m) 
B 2 ' \ n — m n + m 

m—l v 

4 \ -> sm pm 
+4 - --r > ' T - 

m—l 



(60) 



(61) 



d Jo 



dx 



sin {[3n — x) sin (Bn + x) 



Bn — x 
4 sin 2 x 



f3n + x 



sin 2(3n 
2(5n 



O(B). 



It is easy to see that one obtains Eq. (|59j) by combining 
these two equations. 
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